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SUMMARY

A method for calculating the pressure drop of a high-speed
compressible fluid 1n a constent-area duct under the simmltaneocus
action of friction and heat transfer is developed. The method is
based on the assumption of an exponential longitudinal temperature
distribution. It 1s shown that the temperature distributions found
in combustion-chamber cooling passages can be approximated by the
assumed temperature distribution, and that a working chart based
on this method simplifies the calculation of pressure drops across
these passages. An illustrative example is included.

INTRODUCTION

An investligation of the cooling of ram-jet and tail-pipe-burner
combustion chambers by means of air flowing through an anmmular cool-
Ing passage 1s being conducted at the NACA Lewls laboratory. The
deslgn of a combustion~chamber cooling system includes the calculation
of the mass flow of cooling air necessary to maintain permissible
wall temperatures and the determinstion of the pressure drop across
the cooling passage required to obtaln the necessary mass flow of
cooling air,

. The pregsure drop in a cooling passage results from the
similtaneous action of frictlon and heat transfer. For low rates
of heat trensfer and a Mach number below 0.5, the pressure drop
may be calculated by the simplified methods of references 1 to 3;
these methods result in appreciable errors at higher Mach numbers.
Accurate calculation of the pressure drop requires solution of a
basic differential equation describing the variation of pressure
of a compresslble fluild under the simltaneocus action of friction
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and heat transfer. Unfortunately, this equation 1s not generally
amenable to formal Integration. Tables and charts that reduce the
lsbor of numerical solution are glven In referencee 4 and S and a
special solution (reference 8) has been developed for the case of
constant wall temperature. '

For one-dimensional flow, the pressure at a point is uniquely
defined when the corresponding values of mass flow, temperature,
Mach number, and flow area are known. The pressure change between
two polnts along a constant-area duct can be determined if the temper-
abtures and Mach numbers at the two points are known. The differential
equation relating Mach mumber variations and temperature distribution
can be integrated in special cases. One of these cases ocours where
the longitudinal temperature distribution T is glven by T = cel¥
(wvhere ¢ and n are constants and x 1s the distance along the
passage). It is shown herein that the longitudinal distribution of
air temperature in the cooling passages of rem-jet and tail-pipe-
burner combustion chambers cen be closely approximated by the use of
the foregoing equation in a series of steps, each step having dif-
Terent values for the constants ¢ and n,. This analysis develops
a working chart that simplifies the determination of the Mach number
change in a combustlion=-chamber cooling passage and, consequently,
simplifies the calculation of pressure drops required across these:
passages to obtain the necessary mass flow of cooling air. The method
developed applies to the flow of air through straight ducts having any
constant shape, cross-sectional area, and rougimess.

The solution 1s presented in the form of a working chart con=-
structed for a ratio of specific heats equal to 1.40. The variables
cover ranges sufficlently large to include almost all applications
of englineering interest. An example illustrating the use of the
chart for a typical problem is presented.

SYMBOIS

The following symbols are used in this report:

A flow area, sdquare feet
7+l
2 (14 222 2)7+l+27K
2
B =
2(7+147K)

1+27K
E.+7(1+K)M2] [
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B*

2]

< ¢ B W o

value of B when M = 1.0

: 4 X flow area
hydraunlic dlameter feet
? Fotted perimeter’ o

friction drag, pounds

friction factor as defined by, gg 4P Eé‘.‘?_ L

effective over-all value of friction factor £
mass velocity of fluid, pounds per second per square foot

acceleration of gravity, feet per second per second
471 /oy

loge T27T1

distance from any given point to point where Mach mumber would
theoretlically equal 1.0

length of passage, feet

Mach.nnmber

total pressure, pounds per square foot absolute
static pressure, pounds per square foot absolute
gas constant, foot-pounds per pound °R

total temperature, °R

static temperature, °R

fluid veloclty, feet per second

distance along paésage, feet

ratio of speciflc heats

mags density, slugs per cublc foob




4 . NACA TN 2067

Subscripts:

1 inlet -
2 outlet

METHOD OF ANALYSIS

For one-dimensional flow, the pressure at any point in a
fluid is uniquely defined by the mass velocity, the temperature,
and the Mach mumber at that point. The following development
deals with the variation of Mach mmber 8long a duct. If the
variation of Mach mumber is known, the corresponding pressure
distribution is readily determined from the contimmity equation
for the one=dimensional flow of a perfect fluld as expressed by -

GNt
SRR @

or iIn terms of total temperature and total pressure

'\J_ . ol
G-—-PT = Ml\/Z;E (1 + 1’-2',5-%) 2(7-1) (12)

Equation (la) is graphically presented in figure 1.

One form of the dlfferential equation for the veriation of
Mach number of a compressible fluld under the simltaneocus action
of frioction and heat tramsfer for constant area and specific heat
is obtalned from table 2 of reference 7.

am? 1*'7“2(1*%{“2)&2 e (1+'7'éimz> 4fdx
= =+

(2)

The change in Mach number is dependent on the temperature dis-
tribution along the duct. One of the cases for which equation (2)
is integrable occurs when the longitudinal temperature distribution
is given by

1238
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where K is an arbitrary constant (fig. 2).

i1

AF x .
g_zeDhK
]

=&
T

ilﬁ'

(3)

Then by differentiation

(32)

If in equation (2) f equals f, +he substitution of
equation (3a) into eguation (2) gives

e <1+L2'-]=M2> l+m2(l+K]

_ )

W 14

Integration of equation (4)(appendix A) gives

. 7+1

Ye <1 t M )

(7+1+7K)

2
7+1+27K -
T |:1+7(1+K)M22] By

2 g 7+1+7K2

E+z ( 1+K)Mlﬂ THAETE

.

When x =1, T =T,; then from equation (3)

and

41 T2 Bz
=== log, = = log, —
By~ el By

471 B*

By © % By

Ty o 7+l By
My (1 + Zg'}- M12> YE1+27K

aT
T (4)

()

(5a)

(5v)
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where 1I* 1s the distance from any gilven point to the point where
the Mach number would theoretically equal 1.0. Equation (5b) is
grephically presented in the chart (fig. 3) for various values of X
and for 7=1.40. (A 16 by 16 inch working chart of this figure is
enclosed.) When K=%®, by equation (3) T,/T; =1, which reduces

the problem to the case of isothermal flow with friction.

The use of the choking-length parsmeter 4F1*/Dy 1s 1llustrated
in the followling example:

Stationl 2

o e — - —— ——an, — — — ]

Given are M = 0.200, K = 1.0, 1 = 2.0 feet, and 4%/Dy = 0.5.
From figure 3,
4FL*

Dy,

= 105

¥* == -
Ll 3.0 feet

By subtraction

L*z = Il*l - 1 = 3.0 - 2.0 = loo fOO‘b
and
4FL*
2
= 0.5

1238
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Then, from figure 3,
M, = 0.398

For 7 =.1.350, the values of 4FL¥*/D, are lower with a

maximim difference of 5 percent; for 7 = 1,30, the maximum dif-
ference would be 10 percent.

If the Mach number along a duct is constant, according to its
definition I* becomes infinite; if the Mach number along a duct
decreases, its value never reaches 1.0 and IL* has no positive
velue. Consequently, the results of this analysis can be applied
only to flow systems in which the Mach number increases.

For any initlal Mach mumber, there is a critical value of K
for which the Mach nmumber along the duct is constent. This value
can be determined by setting equation (4) equal to zero. The
oritical value of K 18 therefore

K = - Lt | (6)

mz

Consequently, for a given Mach muber, if the value of the friction
factor is known, the minimum value of Ty/Ty for which the Mach

mumber increases, and therefore for which the chart can be applied,
can be determined from equations (6) and (3).

APPI-ICATIOﬁ TO COMBUSTION-CHAMBER COOLING PASSAGES

An anmmlar cooling passage formed by a concentric liner inside
a tail-pipe burner or ram-Jet combustion chamber is shown in figure 4.
If the rige in oombustion-gas total temperature is approximately
linear, the longitudinal temperature distribution of the cooling air
may be gimilar to the dilstributions shown in figure 5. If the initial
cooling-air and combustion-gas temperatures are equal and no heat
losses cccur through the outer wall of the cooling passage, the
temperature distributions will be similar to those shown for case A
(f1g. 5(a)). Such a case would be an insulated tail-pipe burner in
vhich a portion of the turbine-discharge gases are used as the coolant.
If the initial cooling-air and combustion-gas temperatures are equal,
but the external heat losses are large, the temperature distributions
will be similer to those showm for case B (fig. 5(b)). This case
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would correspond to an uninsulaeted tail-plpe burner 1n which the
outside wall of the cooling annulus is cooled by ambient alr. Any
one of the temperature distributions of case A in figure S5(a) can
be approximated (case A, fig. 6(a)) by equation (3), where K 1is
determined by letting T =Tp; and x = 1. The temperature distri-
butions for case A in figure 5(a) » however, have an Initial slope of
zero because the initlal cooling-air and combustlon-gas temperatures
were equal. If, at the cooling-passage entrance, the cooling air
has a lower temperature than the combustion gas, the cooling-air
temperature distribution will have a positive initial slope. Inas-
mich as the agsumed temperature distribution (given by equetion (3))
has a positive initisl slope, it is noted that for two cases (zero
and positive initial slopes) with the same entrance Mach number and
over-all temperature ratio, the case with a positive initial slope
can be more closely approximated in one .step.

Any of the distributions for case A in figure 5(a) can be
matched more closely by a two-step approximation if the temperature
at some intermediate station (preferably near the midpoint) is
known. In this case a separate value of K 1is determined for each
step, as illustrated in appendix B. Similarly, the temperature dis-
tributions for case B in figure 5(b) can be approached in two steps
(fig. 6(b)). In this case an intermediate value of x near the
minimm cooling-gas temperature would be preferable; the value of K
for the Tirst step would then be negative.

The variation of Mach number (fig. 7) along the cooling passage
for both original and approximate temperature distributions shown
in figure 6 were calculated by a step-by-step integration of
equation (2) using the tables of reference 4. A sufficient number
of steps were teken to insure that any increase in the number of
steps would not affect the result. In case A (fig. 7(a)), the
important effect of small changes in the initial Mach mumber is shown.
When the caloulations show that sonic velocity is attained before the
outlet of the cooling passage 1s reached, the chosen value of initial
Mach mumber is greater than 1s physically possible.

Case A (fig. 7(a)) shows that the Mach mumber increases from
0.5 to 1.0 in a very short distance. In spite of the fact that this
enalysis is exact for the temperature distribution of eguation (3),
and can be made to closely approximate temperature distributions
gimilar to those in figure 5, in a physical case small inaccuracies
in the velues chosen for f or Dh may Introduce appreciable errors
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in the region of rapidly increasing Mach number. For example, if
the length of the duct in figure 7(a) were 2.95 feet (fig. 8), the
outlet Mach mumber based on the original temperature profile would
be 1,0; if the value of f/D; was then reduced by 10 percent, the

outlet Mach mumber would be reduced to 0.75. At the point where
the original value of f/Dh gives M = 0,50, however, a lO-percent

‘reduction in the value of F£/D; would only reduce the Mach number

to 0.46. These differences In outlet Mach number would glve pro-
portlonate discrepancies in outlet statlc pressure and smaller dis-
crepancies in outlet total pressure. Due to the uncertainty in
chooging a friction factor or in determining the exact cross-
sectlonal arees for any physical case, values of outlet static
pressure based on an outlet Mach number between 1.0 and approxi-
mately 0.5 may therefore be subJect to appreciable error. Equations
for estimating the value of the frlotion factor are glven in
reference 8. The effect of the ratio of the.inner to the outer
diameter on the frictlon factor of an annulus 1s discussed 1n
reference 9.

The values of outlet Mach number obtained by the step-by-
step integration of equation (2) along a variety of temperature-
distribution curves simllar to those of figure 5 were compared
with the values of outlet Mach number obtained by the use of
-Pigure 3 (in a manner similar to that shown in appendix B), with
the following results: '

(1) When neither method indicated choking, the outlet Mach
number based on a one-gtep approximetion was O to 25 percent greater
than the value obtalned by step-by-step integration, with the greater
differences occurring at the higher values of outlet Mach number.
When both methods caused chokling, the theoretical distance to choke
based on a one-step approximation was 7 to 25 percent less than the
distance obtalned by step-by-step integration. Inasmich as the
temperature along these one-step-approximate curves was apprecisbly
higher than the corresponding temperature on the original ocurves,
thils result was anticlpated.

(2) For a two-step approximation, the outlet Mach numbers
(unchoked by either method) were within 2 percent; the difference
in theoretical distance to cause choking (choked by either method)
was wlithin 2 percent.

(3) For any value of outlet Mach number, the precentage change
in outlet statlc or total pressure 1s equal to or less than the Mach
number discrepancies mentioned in results 1 and 2, but in the
oppoelte sense.




10 NACA TN 2067

CONCLUDING REMARKS

A method is developed for calculating the pressure drop of a
compressible fluld under the similteneous action of friction and
heat transfer, and 1s presented in the form of a working chart.

It is shown that the temperature distribution assumed in the

" development of the working chart can be made to closely approximate,
in one or two steps, the temperature distributions found in the
cooling passages of ram-jet and taill-pipe-burner cambustion chambers.
When two steps were used, the outlet pressure was within 2 percent
of the values that would be obtained by a step-by-step integration
along the actmal temperature-distribu‘bion curve.

Lewls Flight Propulsion Leboratory,
Netional Advisory Committee for Aeronantics,
Cleveland, Ohio, October 17, 1949.
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APPENDIX A
INTEGRATTON -OF -FLOW EQUATTON

One form of the differential equation for simltenecus friction
and heat transfer (reference 7) for constant area and specific heat
is (equation (2) of text)

2 71 2 21 >

a2 1+l + > M2> am ™ §+ > Mz 4fdx.

. z " 2 T 2 (a1)
M 1M 1M Dy

If the fluld temperature distribution ig given by

dT 4fdx .
T = 5% (A2)

DhK
. substitution of equation (A2) in equation (Al) and factoring gives
ar _ (1-M2) am@

T

MZQ. + ——- M2> [1+7 (1+K)M2]

et a= 7_5_:.’: and b = 7(1+K). Eguation (AS) can then be written as

(a3)

ar _ (1-M2)am2 (a3a)

T M (1eat®) (141M°)

or by separating into partial fractions, equation (A3a) becomes

aT (1-MJd.Mz 2 (1-142)6142 b2 (1L-M2)amM?

A4
T G " b-a 1+ a.Mz) a-b (l+'bM2) (a)

e e e A e o e e e e e —— e e ——————



Integration of equetion (A4) results in

( MEaM2
[ e, % w‘“riwi =1 J.
2 2 2 2
log, ;J = log_ HZJ -an " é% logg (1+aM?) - ié- 1+aM® - 1033{1+3H2)j[}:] +
1 1 1 & 1

2
2
L 2y _ L . 2
a5 |5 Logo (L) - = 1+tM? - log, (1+tM E'}:‘
1
2 2 2 2 2 2 2
2 _uaf| b 2 1+h2
log, T| = log M 2 s ol =1 (1+a.t~12 e t= log (1+1M°)| + =
1 1 1 1 1 1
Howaver,

of e 1Mt | 0 L g
b-& b-e

b-a

1238
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Then

a+l 2

2 a+l
b-a
M2 (L+aM?) .
log, T . = log, T . (a8)
)
(1+1M2)° 72

1

By substituting the limits,

[ a+i_

2 b-a

Mp” (L+aM,%)
b+l

T (1+bM E)b-a .
log -2 = lo 2 9
e 7 = " ol (49)

Mlz(l+aM12)b—-E
B
)b-a

. 2
(l+bMi

—

Taking the antilog of equation (A9) and substituting for a and
b glves .

. 7+l
P < 1 -1 2) Y+1+27K
M, + 5
2(7+147K)
2 7+1+27K
To 147 (1+4K)M,
o= 4 (a10)
1 : 7+
7+1+27K
Mlz <1 + Lz'iM12>
) 2(7+LyK)

. 2] 7+1l+27K
l+7(1&£3ﬂ5;]
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Changing the fourth term on the right side of equation (AS) %o

2 2
be an? M>aM>
+ ==\ Tt
1wy -l

and integrating in a similar mamer gives a form of equation (A10)
that can be evaluated for negative values of K.

1238
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APPENDIX B
SAMPLE CALCULATION

The pressure drop In an enmilar cooling passage will be cal-
culated by the use of the large working chart In two steps. Glven
conditions:

T ; ;
‘: - !
| { |
Station |1 c'd 2!
x=0 2.50 . 5.00 feet
T = 500 603 980° R

Mess veloclty, G, 1b/sec/sq £t « « ¢ « o o o o o o o o « 14.05

Inlet total pressure, Py, 1b/sq £t absolute. « « « « « & 1458
Hyd-mﬂ-ic dimeter, Dh’ f‘b * L 2 - * - L d * * L] * L ] .. L] L 2 L ] . 0‘0417

Average friction factor, P o I 00 4T

Inlet Mach mumber. - The inlet Mach number is obtalned from the
welght-flow parameter and figure 1.

G'\le 14,05 N[500

= = 0,2155

Then from figure 1, for 7 = 1.40, M, = 0.242.

Intermediate Mach number. - The Mach number at station o is
determined from the working chart by the following steps:

4T 4 X 0.00756

5. = T o.047 0.725
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4f11_c
D
-c Tc 1 603
log — %8. 500
e Tl

Enterling the working chert at M = 0.242 and K = 9.67 gives

4fL¥*y

= 5,20
L

which is solved for L* :

% = 9220 _ 717 feet
1 0.725

L*c = 1% « 1y ,=7.17 - 2.50 = 4£.67 feet

Multiplication of IL¥, by g_f gives
h

4F1*,
= 0.725 X 4.67 = 3.38

Dy

Reentering the working chart at

4T,

= 3.38 and K = 9.67,

M, = 0.298 = M.

Outlet Mach number. - The outlet Mach number is found in the
same manney as the intermediate Mach number.

md_z
D
b _ 0.725 X 2.50 _
K32 —5 = 1og, 20 = 3.73
08 T 603
Be Ta

R Y. oY
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Enter the working chart at M = 0.298 and K = 3.73 and read
AFL*
d-2.18
Dy
Solve for L*a '
2.18
= . = 3,01 feet
1%s = 525
.and
L*z = L*d - Zd_z =3,01 - 2.50 = 0,51 feet
or
4FT%;
= 0,725 X 0,51 = 0.37
4FI*
Reentering the chart at —55— = 0.37 end K = 3.73, M, = 0.567.

Pregsure drop. - The total pressure at station 2 is obtained
from the weight-flow parameter. The weight-flow parameter at station 2

is found from figure 1 for 7 = 1.40 and M = 0.567,-

GNTp = 0.431
Py

Solving for P, glves

P, = 14.05 Y980 _ 10a9 1b/sq £t
2 0.431

The loss in total pressure across the cooling passage is

Py - P, = 1458 - 1020 = 438 1b/sq £t

or if the loss in static pressure is desired
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By use of, reference 10,

‘ 'pl/]?l = 0.9601

D,/P, = 0.8040

Py = 1458 X 0.9601 = 1400 1b/eq ft

p, = 1020 x 0.8040 = 820 1b/sq ft
and the loss in statlic pressure is

Py - Dp = 580 1b/sq Tt
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Fraction of passage length, x/1

Figure 2. - Temperature profile assumed in integration of differ-
ential equation for simultaneous friction and heat transfer,
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Figure 3. - Chart for determination of Mach<number variation
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2000
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Combustion-gas weight
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Figure 5., - Longitudinal distribution of cooling-air temperature in
annular passage surrounding combustion chamber.
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of figure 6.
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